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Modeling of Growth Rate Dispersion of
Citric Acid Monohydrate in Continuous

Crystallizers

A mathematical model for prediction of the crystal size distribution from a

K. A. BERGLUND and

continuous crystallizer is presented. The kinetic data used for the model were ob-

tained from batch contact nucleation experiments with citric acid monohydrate.
In these experiments, the distribution of growth rates as well as the initial size
distribution were estimated. Results from the model indicate that the excess number
of crystals usually present at small sizes in continuous crystallizers is due to growth
rate dispersion (where crystals of the same size may have different growth rates)

and not size dependent growth.

M. A. LARSON

Department of Chemical Engineering
lowa State University
Ames, |IA 50011

SCOPE

The population balance technique developed by Randolph
and Larson (1971) has been used extensively for both kinetic
measurement and modeling of continuous mixed suspension,
mixed product removal (MSMPR) crystallizers. When the as-
sumptions of size independent crystal growth, all crystals with
equal growth (i.e., no growth rate dispersion) and all nuclei
formed- at a near zero size are invoked, a semilogarithmic
relation is predicted between crystal population density and
size. Experimental evidence from continuous crystallizers,
however, has shown that at lower crystal sizes (<20 um) orders
of magnitude more crystals are present than are predicted by
this relation. Clearly any or all of the assumptions may be in
error,

The importance of the deviation from the model is that the
semilogarithmic population density-crystal size plot is used to
determine kinetic data. When the model holds and a straight

Correspondence concerning this paper should be directed to K. A. Berglund, Department of
Chemical Engineering, Michigan State University, East Lansing, MI 48824
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line is produced, the growth rate is determined from the slope
and the nucleation rate is determined from both the slope and
intercept. When curvature occurs, the slope no longer has a
single value and the intercept must be determined by some
means of nonlinear extrapolation. In order to develop unam-
biguous kinetic models, it is necessary to understand the causes
for the curvature.

The present study made use of data taken previously (Berg-
lund, and Larson, 1982) in contact nucleation experiments with
the citric acid monohydrate-water system. These data suggest
that size independent growth rate, growth rate dispersion, and
initial size distribution are present. Use was then made of
probability transform techniques to develop a model for a
continuous MSMPR crystallizer that accounts for these phe-
nomena. Studies with the model concentrated on the effects of
growth rate distribution, initial size distribution, and the in-
teraction between the two distributions on the product popu-
lation density.

AIChE Journal (Vol. 30, No. 2)



CONCLUSIONS AND SIGNIFICANCE

From the modeling studies of continuous mixed suspension,
mixed product removal (MSMPR) crystallizers operating in the
contact nucleation regime, it was found that the curvature in
the semilogarithmic population density crystal size plots can
be explained on the basis of growth rate dispersion coupled with
an initial size distribution of the nuclei. Furthermore, it was
found the initial size distribution had a small effect, while the
growth rate distribution had a large effect on the predicted
crystal size distribution (CSD). When the two distributions were

combined into a bivariate distribution which allows a linear
dependence of growth rate on initial size, little change was
observed.

The modeling results combined with previous experimental
results on the citric acid monohydrate-water system suggest that
the most important factor contributing to nonideality in the CSD
from a continuous MSMPR crystallizer is growth rate disper-
sion. It is, therefore, concluded that this factor should be the
focus in future work to control CSD.

INTRODUCTION

The population balance technique developed by Randolph and
Larson (1971) predicts the steady state population density for an
ideal continuous mixed suspension, mixed product removal
(MSMPR) crystallizer to be

n(L) = n%exp(—L/GT). (1)
AN
h = i -
where n(L) hm0 T

This relationship, when plotted on a semilogarithmic scale, will
produce a straight line. However, in MSMPR contact nucleation
studies {e.g., Sikdar and Randolph, 1976; Hartel et al., 1980) an
upward curvature has been found to exist at smaller sizes (~20 pm).
Various causes for this deviation have been suggested, but the three
usually considered are: i) nuclei formed in a finite size range; ii)
size dependent growth rate of nuclei; and iii) growth dispersion
(a distribution of growth rates for crystals of a given size). Of these

causes ii and iii have been modeled in the literature.

The most widely used model for size dependent growth is that
proposed by Abegg et al. (1968). With this model, the expression
for the steady state population density for an ideal MSMPR crys-
tallizer becomes

n(L) =n%exp(1/Gora(l — b))1 + aL)®
exp(—(1 + aL)*"5/Ggra(l — b)). (2)

This equation has been successfully fit to experimental data from
real MSMPR crystallizers (e.g., Rousseau and Parks, 1981); how-
ever, physical interpretation of the constants is inconclusive. In
addition, size dependent growth is the only factor included in the
model.

Janse and deJong (1979) developed a model for growth disper-
sion in MSMPR crystallizers. This was accomplished by defining
a new distribution called the modified population density defined

as
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Figure 1. Growth rate vs. initial size for citric acid monohydrate at 1 K supercooling.
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ALG) = lim &) This model results in the desired curvature in a semilogarithmic

aL.Ac—0 ALAG
where n(L) = fo " HL.G)C.

This is simply a bivariate distribution of size and growth rate which
may be used to replace n(L) in the population balance. To solve
the modified population balance they assumed size independent
growth and that the nuclei were formed at a single size with a
growth rate that was gamma distributed. When solved, the final
result for population density was

population density size plot.

MODEL

Recently Berglund (1981) and Berglund and Larson (1982)
studied contact nucleation of citric acid monohydrate (the same
system studied by Sikdar and Randolph (1976)) and found that
there were distributions of both sizes and growth rates of the nuclei.
The relationship between growth rate and initial size was ap-
proximated by a straight line as is shown in Figures 1, 2 and 3. This

1_.
n(L)=n' (1 + —Ii) " 4) was determined by performing linear regressions using the Sta-
ar tistical Analysis System (SAS). The correlation of growth rate to
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Figure 3. Growth rate vs. initial size for citric acid monohydrate at 3 K supercooling.
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TABLE 1. LINEAR REGRESSIONS OF GROWTH RATE VS. INITIAL SIZE
FOR THE DATA OF BERGLUND AND LARSON (1982) SHOWN IN
FIGURES 1, 2 AND 3

Supercooling, Slope, Intercept Correlation
AT, K s~ X 104 m/s X 108 Coefficient

1 5.2 0.33 0.5044

2 15.0 0.82 0.4583

3 22.0 2.3 0.4623

TABLE 2. CALCULATED F VALUES BASED ON TYPE I SUM OF
SQUARES* FOR TERMS IN THE POLYNOMIAL FIT OF GROWTH RATE
vS. INITIAL S1ZE (G = C, + CiL; + Cgol® + C3L;3) FOR THE DATA

OF BERGLUND AND LARSON (1982) SHOWN IN FIGURES 1, 2 AND 8

Supercooling, Linear Quadratic Cubic 95% 99%
AT, K L, L2 L  Fvalue** F value**

1 26.4 1.89 6.43 3.98 7.03

2 16.7 1.99 0.40 4.00 7.07

3 17.3 0.19 1.62 3.99 7.06

¢ The Type I sum of squares is the sequential sum of squares resulting from the addition of sub-
sequent terms in the model.

** Tabulated F values. If calculated F value is larger than tabulated F value, term is signifi-
cant.

initial size was found significant at the 95% confidence level in spite
of the wide scatter in the data as evidenced by the low correlation
coefficients in Table 1. After initial size was found significant, the
significance of higher order terms was assessed. This was accom-
plished by adding quadratic and cubic terms of initial size to the
existing linear model. Table 2 lists the F-test values for the various
terms of growth rate versus initial size. From these F values it was
observed that only in the case of the cubic term at AT = 1 K are
any of the quadratic or cubic terms significant at the 95% level. At
the 99% level none of these terms are significant. The conclusion

38
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Figure 4. Size vs. time for citric acid monohydrate at 1K supercooling. Each
line is for an Individual crystal.
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Flgure 5. Size vs. time for citric acid monohydrate at 2 K supercooling. Each
line Is for an individual crystal.

drawn from these results is that a linear model describes the cor-
relation of growth rate to initial size.

Plots of equivalent circular diameter (a measurement analogous
to Coulter Counter data) versus time were constructed for each
nuclei observed. The slope of such a plot is the crystal growth rate
and the intercept is the initial size. The plots shown in Figures 4,
5 and 6 demonstrate linearity which corresponds to a constant
growth rate, i.e., size independent growth. In addition, the plots
have different slopes and intercepts corresponding to growth rate
and initial size distributions, respectively. In view of these results

EQUIVALENT CIRCULAR DIAMETER, METERS x 106

1 ! 1 1 1
30 60 90 120 150

TIME, SECONDS

Figure 6. Size vs. time for citric acid monohydrate at 3 K supercooling. Each
line Is for an individual crystal.
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TABLES. PARAMETERS OF THE GAMMA DISTRIBUTIONS (EQS. 9 AND 10) CALCULATED USING THE METHOD OF MOMENTS FROM THE DATA
OF BERGLUND AND LARSON (1982) SHOWN IN FIGURES 1, 2 AND 3

Initial Size

Growth Rate

AT, AL Correlation Y1, Correlation
K m X 108 Ao Coefficient m/s X 108 Y2 Coefficient
1 2.3 2.6 0.9766 0.22 2.9 0.9767
2 1.4 3.0 0.9890 0.40 3.5 0.9921
3 2.0 2.6 0.9896 0.68 5.1 0.9916

a different model is necessary to describe the physical situation.

The size of any crystal in the product stream of a crystallizer may
be described by multiplying the residence time by its individual
growth rate and adding its initial size, thus

L=L; + Gt (5)

Since L;, G and ¢ all have distributions, their population density
functions (pdf) are designated A(L;), ¥(G), and 8(t), respectively.
Furthermore, Eq. 5 is the description of a random variable L, so
solution of the distribution of the random variable L yields the
population size density of the product stream.

As a first approximation to the solution it is assumed there is no
dependence of G on L;. This corresponds to zero slopes in Figures
1, 2 and 3. This assumption will be studied in subsequent calcula-
tions,

To compute the pdf for L it is necessary to first compute the pdf
for Gt. This is accomplished through use of the Mellin transform
and convolution (from Griffin, 1975) for products of random
variables. Setting x = Gt, the result is

fw= f71 (’t—‘) b(1)ds. (6)

Using this result for x, the pdf for the random variable L, + x (or
L; + Gt) is determined using the Laplace transform and convo-
lution for sums of random variables. The final result is

n(L) = j; - j; ” )\(s)%y (L "3) 0(¢)dsds. )

t

This result is general for n(L) regardless of the forms of A, v, or
6.

Since the object of the present study is an MSMPR crystallizer,
the residence time distribution is (from Levenspiel, 1972)

0(t) = 5 expl—t/0) (®)
where &’ is the mean residence time used in MSMPR analyses.
The distributions for y(G) and A{(L;) correspond to the marginal
distributions of the bivariate distribution of Figures 1, 2 and 3. In
other words, these distributions can be found by determining the
distribution of initial size in Figures 1, 2 and 3 ignoring the growth
rate and vice versa for the growth rate distribution. When this is
done for all sets of data, the two distributions are found to be
gamma distributions which have the form

— —1 -G/
Y¥(G) YT (7a) Grzlexp(T¢/y) 9)
I SN
and AM(L;) = m L2271 exp( L /)‘1). (10)

The parameters vy, Yo, A;, and A; are determined by using the

TABLE 4 PARAMETERS FOR THE BIVARIATE GAMMA DISTRIBUTION
(EQ. 16) CALCULATED USING THE METHOD OF MOMENTS FROM THE
DATA OF BERGLUND AND LARSON (1982) SHOWN IN FIGURES 1, 2

AND 8
AT, As, Ys
K m X 108 m/s X 108 £ A Ya
1 2.3 0.22 1.3 1.2 1.6
2 1.4 0.40 1.5 15 2.1
3 2.0 0.68 1.7 0.95 3.5
Page 284 March, 1984

method of moments, and the correlation coefficients are found by
testing the fit with the Statistical Analysis System (SAS). The pa-
rameter values determined for the data in Figures 1, 2 and 3 are
shown in Table 3. The final expression for n(L) takes the form

. L ® _1__ 2~ = -1—
(L) = J; J:) I>\1)‘2P(>\2)sx e >\1)] [t]

1 L — s\v2—1 (L —s)
x|l B e . 7
[7172P(72) ( ¢ ) P ( Yt )]

X [al exp(—t/ﬁ’)] dids (11)
Due to the complex nature of this expression an analytical solution
is not possible.

Equation 11 is based upon the assumption that growth rate does
not depend on initial size. To relax this assumption, the population
density of size is considered to be described by some manipulation
of the distribution f,(L;,G)fs(t). The first term includes the de-
pendence of growth rate on initial size, while the second is the same
residence time distribution as before. The transformation proce-
dure from Peebles (1980) results in a distribution for L. The vari-
ables of interest are designated in the following way

y1=G (12a)
Y2 =Ly (12b)
ys=L;+ Gt =L (12¢)
In general it can be written
8yry2ys) = f (yl,yz, £ y_z yl) 11/ (13)
So for the present case the following expression can be written
ALLGat) = LGz (L—;—L) e

where the Jacobian’s determinant equals 1/G. The general ex-
pression for n(L) is thus

_ *® *® L - L{ l

n)= 7 Aok, ( - ) ZdLdG  (15)

The procedure used to find Eq. 15 is found in most texts on

mathematical statistics and is merely outlined here. The rermaining

task here is to determine an expression for f}; f5 is the same as used

before. Ghirtis (1967) presented a bivariate gamma distribution

which requires the marginal distributions to be gamma distribu-

tions and the regression of the two variables to be linear. These two

conditions are met by the data of Figures 1, 2 and 3, and the dis-
tribution is given by

bl
exp |~——+—

’

J; " RE (L, — hguh1
(G — ygu)v+letdu (16)

Az Ag

Hh{L,G)= Aty VIO T (A YT (v4)

where 4’ is the minimum of G /73 and L;/A3. Once again the
distribution parameters are determined by the method of moments.
The values determined for the data in Figures 1, 2 and 3 are shown
in Table 4. The final expression for n{L) is

AIChE Journal (Vol. 30, No. 2)
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Figure 7. Comparison of numerical solution of Eq. 11 to Monte Carlo simulation
for the case where growth rate is independent of initial size at 1 K supercooling.
Parameters for the gamma distribution are from Table 3.

o exp(“sf—g_)
n(L) = ﬁ fo Ay T(ET AT (v4)
X j;a uf UL, — Aau)MHG — yau)vilevdu

. [% exp (——(LG;,L‘))

[é] dLdG. (17)

RESULTS AND DISCUSSION

Equation 11, which assumes independence between initial size
and growth rate, was solved using a Simpson’s approximation and
also a Monte Carlo simulation. A mean residence time of 600 sec-
onds was used in the simulation since it is on the same order as that
used by Sikdar and Randolph (1976). Normalized population
density versus size plots are presented in Figures 7, 8 and 9 for 1,
2 and 3 K undercooling, respectively. Common among all of the
plots is an upward curvature at lower sizes and a linear region at
larger sizes. Also, all plots have a sharp downward curvature as zero
size is approached. This downward curvature at low sizes is at-
tributed to the distribution used to approximate the initial size
distribution. Since a gamma distribution (which passes through the
origin) was used, the resulting product CSD calculated from the
model must also pass through the origin. The experimental tech-
nique used for measurement of the initial size distribution was not
sensitive enough to thoroughly establish the distribution below
about 2 X 10~8m. This resulted in the approximation which leads
to the downward curvature.

A more interesting feature of Figures 7, 8 and 9 is the growth
rate calculated from the linear region. Assuming that this region
can be described by Eq. 1, the growth rates can be obtained from
the slopes. Table 5 compares the growth rate calculated from Eq.
1 with the mean growth rate calculated from the experimentally
determined growth rate distribution. This indicates in all cases that
the growth rate calculated from the slope is larger than the actual

AIChE Journal (Vol. 30, No. 2)
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Figure 8. Comparison of numerical solution of Eq. 11 to Monte Carlo simulation
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TABLES. COMPARISON OF GROWTH RATE FROM LINEAR REGION
OF SEMILOGARITHMIC POPULATION DENSITY-SIZE PLOT* WITH
ACTUAL MEAN GROWTH RATE**

AT, Actual Mean, ** From Linear Region,*
K m/s X 108 m/s X 108
1 0.63 1.3
2 14 2.7
3 3.5 5.2

* Determined from the linear portion of the plots in Figures 7, 8 and 9.
** Caleulated from the growth rate distribution parameters in Table 3.

growth rate. The reason for this behavior is the slow growth rates
of some crystals. These slow growing crystals do not become viable
nuclei to seed the distribution at larger sizes since they are washed
out of the crystallizer before they can grow to a large size. Fur-
thermore, this demonstrates how the phenomenon of growth dis-
persion can be misinterpreted as size dependent growth. In other
words, an MSMPR crystallizer can be thought of as a crystallizer
which classifies crystals on the basis of their growth rates. Crystals
don’t grow faster because they are larger, rather they become larger
because they grow faster.

In a subsequent set of calculations the effects of the width of the
growth rate distribution and initial size distribution were studied.
When the initial size distribution is widened while holding the
mean size and the entire growth rate distribution constant, no
discernible effect is observed on the final distribution. However,
by varying the width of the growth rate distribution while holding
the mean growth rate and initial size distribution constant, drastic
changes can be obtained. Figure 10 shows the effect of the coef-
ficient of variation (C.V.), which is the standard deviation of the
growth rate distribution divided by the mean, of the growth rate
distribution on the final distribution. It can easily be seen that as

107!
—-— C.V, = 0.20
C.V. = 0.44
—-— C.V. = 0.99
\ @@ @@ - C.V. = 1.4
\ T = 600 SECONDS

NORMALTZED POPULATION DENSITY

\\\

~.
N

1077 1 1 ] ] 1 1 { |
0 50 100 150 200 250 300 350 400 450

SIZE, METERS x 10°

Figure 10. Effect of growth rate coefficient of variation (C.V.) for 3 K super-
cooling using numerical solution of Eq. 11. Parameters from Table 3 were used
for Ay, A2, and 7. Y2 was varied since C.V. = 1/1/v,.
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parameters from Table 3) with Monte Carlo simulation of dependent case (Eq.
17 with parameters from Table 4) at 1 K supercooling.

the C.V. is increased the curvature increases. This would corre-
spond to larger growth rates being calculated from the slope as the
C.V. increases.
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Figure 13. Comparison of numerical solution of independent case (Eq. 11 with
parameters from Table 3) with Monte Carlo simulation of dependent case (Eq.
17 with parameters from Table 4) at 3 K supercooling.

To relax the assumption of independence of initial size and
growth rate, a Monte Carlo simulation of Eq. 17 was performed.
Figures 11, 12 and 13 compare this Monte Carlo solution to the
numerical solution for independence. From these results it can be
seen that the dependent case has a tendency to curve more at larger
sizes. In general, however, fairly good agreement is obtained be-
tween the two cases, and it would appear that inclusion of depen-
dence adds a great deal of complexity while adding little infor-
mation.

The model presented has large implications with respect to the
interpretation of MSMPR experiments. The occurrence of curva-
ture in the semi-logarithmic population density-size plot does not
simply imply size dependent growth rates as often as has been as-
sumed. It is clear that new means of interpreting these results must
be developed. In addition, it is also evident that MSMPR crystallizer
experiments alone should not be used to determine mechanisms.
The photomicroscopic technique used to collect data for the present
work is a possible complementary experiment to be used with
MSMPR experiments. This will avoid erroneous models to be as-
sumed in analyzing data.

CONCLUSIONS

1. A model has been presented that demonstrates marked cur-
vature of a semilogarithmic population dersity vs. size plot for an
MSMPR crystallizer in the absence of size dependent growth.

2. Apparent size dependent growth is probably due to slow
growing crystals being washed out. ‘

3. The distribution of growth rates has a large effect upon the
product CSD, while the initial size distribution has a smaller ef-
fect.

4. Inclusion of growth rate dependence upon initial size does
not alter results a great deal.
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NOTATION

= constant, Eq. 2

constant, Eq. 2

arbitrary population density function
crystal growth rate

growth rate of zero-sized crystal

= characteristic size of a crystal

initial characteristic size of a crystal
size population density function
population density at zero size

= number of crystals at a given size

= constant, Eq. 4

= constant, Eq. 4

= dummy variable of integration, Eq. 7
= residence time

random variable defined by Eq. 12a
= random variable defined by Eq. 12b
= random variable defined by Eq. 12¢
dummy variable of integration, Eq. 16

e
EggS T oo ZIICNAOR S

u’ = minimum value of G/vy3and L;/ s

¥ = growth rate population density function
Y1 = scale parameter for Eq. 9

vY¥s = shape parameter for Eq. 9

¥s = scale parameter for growth rate in Eq. 16
¥4 = shape parameter for growth rate in Eq. 16
6 = residence time distribution function

6’ = mean residence time

A = initial size population density function

A1 = scale parameter for Eq. 10

A2 = shape parameter for Eq. 10

A3z = scale parameter for initial size in Eq. 16
A4 = shape parameter for initial size in Eq. 16
¢ = parameter for dependence, Eq. 16

T = mean residence time
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